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Thm (Wey ()
.

Let 8 be an irrational number. Then the sequence

(nos)
is equidistributed in 50

, 1)
.

Recall that a sequence (xnine <[0, 1) is said to be

equidistributed in [0 , 1) if for any (a , b) =[0 , 1),

① Im * # I <<N : Xue (a , b)) = b -

Equivalently ,
O can be rewritten as

· m+I X(a,
b)(xn) = b -a = S Xcab
if x -(a , b)

where Xal = S * if Xe [o ,1Kabs



Extend Xca , b)
to be a 1-periodic function on 1.

Then Wey) Thm says that

③ hoi Xcibi <nU)
= SXca ,

bixid.

In what follows we prove B.

Lem Z Let f be a 1-periodic continuous function
-

-

on 1
.

Then

④ limit fsnU) = S
*

f(x) d,

where t is an irrational number.

Pf .

We divide the proof into 3 steps .

Step 1. We prove Iff is of the form

-

) =

2HiRX

,

&E 'Th
.



when R= 0
,

then F21. Then clearly holds .

When RE0,

If(nw)= eien

- (e2HiR
=> i gaHiRU entiRN,

Hence

It find = entry
to asN

Notice that 22TTIRU+I since O is irrational)
MeanwhileSof fxdx = 0

So ④ holds in this case.

Step 2. Notice that if f , g satisfy
,

then so is 6f + Bg for all 6
, PE D.

As a consequence ,
holds ifI is



a trigonometric polynomial of the form
D 2 Tl'nX

[ Cne
.

n= - N

Step 3. O holds for all 1-periodic its functions
on IR.

Let o be a 1-periodic ets function on 1R.

Then VE20
, by the Weierstrass approximation Thm,

=> a trigonometric polynomial

g(x) = <*Ce 2 ine

such that

/ f(x) - g(x)/ < > for all x +R.

Now

If(nU) - S
*

fix
NIfInr)-g(nviD + S

F

/ f(x - g(x)/dx

- /xg(nu - f g(xdx



29 + /Ng(nU) - S
*

gxdx
& 32 if N is large enough.

This proves & . ↳

Pf of Weyl's Thm , i .e, holds
.

-
-

Finally ,
we prove

li. e. A Xcab) (nU) -> So
*

Xca
,
b) xdx.

To prove this, for any 320
,

we construct

two1-periodic its function fi ,
fa

such that

faX(ab)(x) -> fa
and

5(f- Xa,b(x) dx >25
S(X(a,

b)(x) - f(x)ax 25
.



-

T- (

o
b +E I

Then

#TimeIn Xcaibin8) -
> im Facaus

N->

= So
*

fadx
= S

*

(a ,
b)(x)dx + 23

Letting 3 to gives

im+ ENXcarbs (n8) I So
*

Xcarb ,
x

Similarly,

im+I Xca,
b)(ur) : m Fur

= S
.

*

fixidx ?Sx*

- 24



Here

him i E Xca
1 b) (hU) < SotKad

N-

A


